We discuss vacuum energy in string and M-theory with a focus on heterotic Mtheory. In the latter theory a mechanism is described for maintaining zero vacuum energy after supersymmetry breaking. Higher-order corrections can be expected to give a sufficiently small amount of vacuum energy to possibly account for dark energy.
The Dark Energy Enigma
Cosmology underwent a revolution after it had been discovered in 1998 that our universe's current expansion accelerates, caused by some unknown, homogeneously distributed dark energy which dominates all other forms of energy or matter [1] , [2] . Under the assumption of a standard Friedmann-Robertson-Walker (FRW) cosmology, the dimming of distant type Ia supernovae, studies of angular anisotropies in the cosmic microwave background and studies of spatial correlations in the large-scale structure of galaxies have all led to this result. The price, on the other hand, for fitting the data without a dominating dark energy component is to adopt a spectrum of primordial density fluctuations which is not nearly scale-free, a Hubble constant which is globally lower than its locally measured value and a likely shift from the FRW to an inhomogeneous Lemaitre-Tolman-Bondi cosmology in order to explain the supernovae Ia Hubble diagram and the position of the baryon acoustic oscillation peak in the autocorrelation function of galaxies [3] . It seems therefore less problematic to accept the existence of dark energy in combination with the ordinary FRW description.
In contrast to this rather firm observational evidence for dark energy, there is little consensus on the theory side on what the correct explanation for the nature of dark energy could be. Over the past years various proposals for its origin have been made which include
• cosmological constant Λ:
leads to a time-independent energy-density ρ DE = Λ/8πG, Λ being the cosmological constant, and results in string-theory from metastable non-perturbative vacua [4] - [6] , warped compactifications with branes [7] - [18] or large extra dimensions [19] - [21] .
• quintessence: a dynamical scalar field rolls down an exponential potential and induces a timedependent cosmological "constant" which evolves to small values at late times [22] - [24] . It opens up the possibility for tracker mechanisms [25] , which attempt to solve the coincidence problem, which arises from the near coincidence of the energy and the matter density in our present universe.
• holographic dark energy: to prevent a collapse into a black hole, the total energy of a region inside radius L should not exceed the mass of a black hole with same radius L. This leads to a bound on the quantum zero-point energy density within a spherical region of radius L [26] . Saturation of this bound gives a relation between the UV cut-off and the IR cut-off of a quantum field theory which implies an energy density of the right magnitude [27] - [36] . The actual equation of state depends, however, sensitively on the choice of the IR cut-off [37] , [27] .
• ghost cosmology: a ghost scalar φ has the wrong sign kinetic term and leads to an energy density unbounded from below. This renders the φ = 0 vacuum unstable. A non-minimal kinetic term could, however, allow the ghost to condense in a stable vacuum acquiring a non-zero constant velocity in field space [38] . This new vacuum breaks Lorentz invariance spontaneously and leads to an infrared modification of gravity.
Depending on the choice of the non-minimal kinetic term, the solutions to the coupled ghost-gravity field equations describe transitions from early power-law FRW scale-factors, a(t) ∼ t (2n−1)/3n , including radiation and matter cosmologies, to late time dark matter or dark energy dominated cosmologies [39] .
• modified gravity: an accelerated expansion of the universe can either have its origin in a cosmological constant resp. scalar field added to the energy momentum tensor on the right hand side of the Einstein equations or in a modification of the geometrical part on its left hand side. The latter is the starting point for theories of modified gravity. For instance, one might add quadratic corrections [40] or inverse powers [41] - [43] of the Ricci-scalar R to the Einstein-Hilbert action or replace it by a general function f (R) (see [44] , [45] for reviews). Alternatively, brane-world constructions [46] - [51] can also modify the geometrical part of the Einstein equation. In the DGP model [52] (for earlier work see [46] , [53] , [54] ) quantum corrections induce a brane Einstein-Hilbert term next to a bulk Einstein-Hilbert term. This leads to an IR modification of gravity at lengths beyond a cross-over scale and gives rise to a late time acceleration.
• neutrino dark energy: the apparent closeness of the dark energy and the neutrino mass scale motivates a linkage between them. Concretely, one extends the Standard Model by singlet righthanded neutrinos and allows their Majorana masses to vary with the acceleron, a dynamical scalar field. The acceleron provides the link between a quintessential dark energy and the neutrino masses [55] - [57] . See [58] for a recent update.
Finetuning Problem and Two-Step Strategy
In spite of the huge difference in the origins of the proposals for the nature of dark energy, they typically face one major problem. This is the required tuning or arbitrary choice of some parameters to generate the enormous smallness of the dark energy scale, E DE ≃ 1meV, compared with any energy scale of fundamental physics such as the reduced Planck scale, M P l = 2.4 × 10 18 GeV or the grand unification scale, M GU T = 2 × 10 16 GeV.
Supersymmetry in particle theory or supergravity models alleviates the discrepancy but does not nullify it. The problem persists in having a vacuum energy scale, after supersymmetry breaking, which is of order the supersymmetry breaking scale, M SU SY ≈ 1TeV, and thus still far too large to match the dark energy scale. This is the ubiquitous cosmological constant (CC) problem. Since all forms of energy gravitate, it is not enough to tune a particular sector of the theory to give an E DE vacuum energy. Rather one has to ensure that at the same time none of the other sectors can develop energies surpassing E DE . Moreover, in fundamental theories such as string-theory, low-energy parameters have their origin in dynamical scalar fields. Their values are thus determined dynamically and a fine-tuning is in principle unacceptable. Hence, the CC-problem cannot be glossed over in any proposal for dark energy and its dynamical solution is a necessary requisite for any successful explanation of dark energy.
The purpose of this article is to describe a dynamical way of generating the small dark energy scale. To this end, let us adopt the following natural two-step approach to address the CC-problem
Step: find a mechanism which adjusts dynamically the vacuum energy after supersymmetry breaking to zero
This should be true at leading orders in some suitable expansion, like a 1/M P l expansion in effective field theories or an l s = √ α ′ expansion in string-theory.
• Second
Step: higher-order perturbative and/or non-perturbative corrections to the theory are considered to lift the zero leading order vacuum energy to non-zero small positive values of the right magnitude
Of course, generating the right magnitude for V vac is not sufficient to explain dark energy. In addition, one has to check e.g. that also the equation of state parameter w lies sufficiently close to -1 to comply with observation. We won't discuss such additional checks further here, since already the generation of the right energy scale without tuning is a tremendous task and seems to be quite selective. The second step in this two-step approach is further motivated by various numerical coincidences which relate the observed dark energy scale to expressions which could plausibly arise from subleading perturbative or non-perturbative corrections. For instance, the well-known relation
which gives the right size for E DE might arise at subleading order in a perturbative expansion in M SU SY /M P l . Also, non-perturbative instanton corrections might produce
where α ≈ 1/137 denotes the fine structure constant. A third numerical relation
where
GeV is the Planck energy, has been argued to arise in warped brane worlds [10] , [11] and might also have a non-perturbative origin. With this two-step approach in mind, let us in the sequel look at the prospects to realize it in supergravity, string-theory and finally M-theory.
Dark Energy and Supergravity
The best motivated theories beyond the Standard Model are based on supersymmetry, which we also adopt as one of the cornerstones in the following. Unbroken global supersymmetry has the attractive feature of enforcing a vanishing vacuum energy, as opposed to unbroken local supersymmetry. The latter being compatible with both zero and negative vacuum energies. The first question concerning supersymmetry is therefore whether it should be global or local. Here we note that a non-zero dark energy requires a curved spacetime, hence gravity and this implies local supersymmetry. Namely, in the presence of a non-zero homogeneous dark energy fluid, described by a diagonal energy-momentum tensor T DE µν = diag(ρ, p, p, p), the Einstein field equations
have non-vanishing diagonal components on the right hand side which imply via the geometrical left hand side a curved spacetime and no flat Minkowski spacetime. It is thus mandatory that we work in local supersymmetry, i.e. supergravity, which incorporates gravity.
If we then assume the phenomenologically favored N = 1 supergravity framework in four dimensions, there are two options before breaking supersymmetry. Supersymmetry is either compatible with an anti de Sitter (AdS) or Minkowski spacetime. Both spacetimes are maximally symmetric. In view of the fact that the generated vacuum energy after supersymmetry breaking should not deviate much from zero, one would prefer to start off at this stage with a Minkowski solution. The AdS option would introduce already at this stage a large negative vacuum energy whose compensation requires an extremely precise fine-tuning. However, in the Minkowski case, it is the solution itself which cannot be obtained without fine-tuning in supergravity. The N = 1 supersymmetry preserving vacua are characterized by a system of N c + 1 equations, which involve the superpotential W
But there are only N c unknowns, the scalar components Φ i of the chiral superfields. Since this system of equations is overdetermined, its solution is always non-generic and imposes fine-tuning on the physical parameters which enter the superpotential W and/or the Kähler potential K inside the Kähler covariant derivative
To deal with this fine-tuning there are two possibilities:
• one can accept the fine-tuning as unavoidable and a fundamental feature. In this case one might resort to a huge "landscape of vacua" combined with anthropic reasoning to try to make sense of a tiny, non-zero vacuum energy along the lines suggested in [59] (for a recent discussion see [60] ).
• alternatively one could go beyond the effective N = 1 supergravity in four dimensions and ask what string-theory has to offer in addition. After all supergravity captures only the massless spectrum of a string compactification and throws away all finite mass excitations.
Here, we decide to follow the latter route which brings us next to string-theory.
Heterotic vs Type IIB String-Theory
A priori there is a variety of five ten-dimensional string-theories which, together with eleven-dimensional supergravity, span the M-theory web. The five ten-dimensional perturbatively constructed string-theories represent special corners in this web at which the string couplings tends to zero. A generic point in this web, however, represents an elevendimensional theory, with the string coupling itself turning into the eleventh dimension when it grows.
To date, two regions have been identified in this M-theory web which are phenomenologically rich enough to admit a connection to the "real" cosmological and particle physics world. These are the ten-dimensional type IIB and the E 8 × E 8 heterotic string theories. The latter is endowed with two E 8 gauge groups, one in a "hidden" sector and one in the "visible" sector. Both sectors interact only via (super)gravity. To bridge the gap from ten to four dimensions both string-theories have to be compactified on specific real 6-dimensional manifolds. For phenomenological reasons, and also for better technical control, one requires that this compactification preserves at least four supercharges in the effective four-dimensional supergravity theory. There is, however, an important distinction at this point. The type IIB theory has 32 supercharges in ten dimensions which is twice the amount of the E 8 × E 8 theory. This difference has the consequence that supersymmetric compactifications of the type IIB theory generically leave us with an AdS spacetime in four dimensions with a large negative energy density Type IIB :
whereas supersymmetric compactifications of the E 8 × E 8 heterotic theory lead to a Minkowski solution [61] which has vanishing vacuum energy
As a consequence, to provide type IIB compactifications with a cosmologically relevant positive energy density, which can only be done by breaking supersymmetry, an additional "uplift" is required. This additional step, which in the simplest cases can be carried out by adding a supersymmetry-breaking anti-D-brane, adds positive energy density to the vacuum. In this approach one compensates the initially large negative AdS energy with the added positive "uplift" energy to end up with a desired but fine-tuned small vacuum energy. On the other hand, in the heterotic E 8 × E 8 compactifications, we start off at zero vacuum energy without any need for an "uplift". Furthermore, supersymmetry breaking can only generate a positive or zero vacuum energy thanks to the theory's perfect square potential [62] . The challenge in the heterotic theory is thus to break supersymmetry and keep the vacuum energy small. This will be our main concern in the remainder.
Vacuum Energy after Supersymmetry Breaking in Heterotic String Compactifications
With the just given motivation, let us investigate the vacuum energy after supersymmetry breaking in the heterotic string. The aim is to implement the first step of our initially advocated two-step approach, which is to break supersymmetry in such a way as to maintain at leading orders in α ′ the zero vacuum energy of the original supersymmetric theory. In fact such a mechanism had been proposed early on in the history of the heterotic string in [62] . The idea has been to consider a heterotic string compactification on a compact Calabi-Yau threefold X in the presence of 3-form Neveu-Schwarz flux H and a gaugino condensate in the hidden sector E 8 . This type of compactification yields a positive definite potential
with φ being the dilaton, κ 10 the ten-dimensional gravitational coupling constant, χ the ten-dimensional hidden sector gaugino and Γ (3) an antisymmetric three-index gamma matrix. The gaugino condensate trχΓ (3) χ can only assume values proportional to the Calabi-Yau's holomorphic three-form Ω and its complex conjugate This is indeed a very attractive dynamical mechanism were it not for a quantum effect which poses a serious obstruction. Soon after the the above mechanism had been proposed in [62] , it was realized by Rohm and Witten that the 3-form flux H had to be quantized to give a well-defined partition function [63] . In the heterotic theory the exact form part dB of the full 3-form flux,
(Ω L − Ω Y M ), has to deliver quantized integer values when integrated over an arbitrary 3-cycle Σ 3
Moreover, the integrated Yang-Mills and Lorentz Chern-Simons terms
which enter H to render it gauge invariant, are only well defined modulo integers [63] . Consequently, the balancing equation, which would result from minimizing the heterotic string perfect square potential, reads
after integration over some 3-cycle Σ 3 . Here, α 0 = g 2 0 /4π is the hidden sector gauge coupling, Π = Σ 3 Ω the period integral and
the gaugino condensate of the hidden sector four-dimensional gaugino λ with UV cut-off scale M U V , hidden sector gauge kinetic function f h and dual Coxeter number C G related to the unbroken hidden sector gauge group G. The right hand side of the above balancing equation assumes exponentially small values due to the gaugino condensate. On the contrary, the left hand side assumes positive integers. It is therefore, in general, impossible to satisfy the heterotic string's balancing equation. In other words the quantization of H prohibits the dynamical relaxation of the vacuum energy to zero.
This obstruction disappears when we go from the ten-dimensional heterotic stringtheory to the eleven-dimensional heterotic M-theory, as we will discuss next, following [64] . 
Vacuum Energy after Supersymmetry Breaking in
Heterotic M-Theory Compactifications
Flux Compactification Geometry
The essential new ingredient concerning the vacuum energy problem, when going from the ten-dimensional heterotic string to the eleven-dimensional heterotic M-theory, is the warped geometrical background which extends along the extra eleventh dimension. Note that when the string coupling g s grows it turns into a geometrical entity, the size L of the extra eleventh dimension L ∼ g 2/3 s (see fig. 1 ). The bulk eleven-dimensional spacetime in heterotic M-theory is bounded by two ten-dimensional boundaries, located at x 11 = 0 (visible boundary) and x 11 = L (hidden boundary), along the eleventh dimension 0 ≤ x 11 ≤ L which represents the orbifold S 1 /Z 2 . The visible boundary is assumed to host us together with the Standard Model and its grand unified extension at higher energies.
The hidden boundary hosts a mirror world which is only capable to interact with us via (super)gravitational interactions which propagate through the bulk. A direct exploration of the hidden boundary through, say, electromagnetic waves is forbidden by the fact that the electromagnetic U(1) gauge theory is part of the Standard Model gauge theory which resides exclusively on the visible boundary but has no extension into the elevendimensional bulk. Heterotic M-theory incorporates therefore the brane-world picture as an essential ingredient.
The physics in the bulk, at wavelengths larger than the 11-dimensional Planck-length, is governed by 11-dimensional supergravity. Its 4-form field-strength G is sourced by the two S 1 /Z 2 orbifold boundaries. They represent magnetic sources for G, much like a monopole represents a magnetic source for the ordinary electromagnetic gauge fieldstrength. The interesting consequence of this non-vanishing field-strength G is that, via the Einstein equations, they cause the spacetime to be curved. More specifically, since we require a compactification which conserves an N = 1 supersymmetry in the four large spacetime dimensions, it turns out that this spacetime has to be curved in a rather restricted way, namely by a warp-factor e f (x 11 ) which depends only on the eleventh dimension x 11 . Heterotic M-theory therefore operates on a spacetime which is described by a warped metric of the following type [65] - [67] 
The first part describes the 4-dimensional non-compact spacetime with metric g µν , µ, ν = 0, . . . , 3. The second and third part describe the Calabi-Yau metric g(X) lm , l, m = 1, . . . , 6 and the extension into the eleventh direction. The warp-factor is explicitly given by [65] - [67] 
represents the charge with which the visible boundary couples to the supergravity 3-form potential C, V denotes the unwarped Calabi-Yau volume, J the Kähler-form of the Calabi-Yau X and F resp. R the Yang-Mills resp. Riemannian curvature 2-forms on the visible boundary. From this geometry it is easy to see that the volume of X decreases along the eleventh direction and vanishes eventually at a critical length
given simply by the inverse of the charge. The warp-factor on the hidden boundary, i.e. at x 11 = L, which will play an important rôle later, can thus be expressed in geometrical terms as
It clearly vanishes when the size of the eleventh dimension L ≤ L c reaches the critical length L = L c .
With this warped background the question arises how does the warp-factor modify the heterotic perfect square potential? To answer this question, we must first clarify what becomes of the heterotic string perfect square potential when we go to heterotic M-theory. What happens is that the 3-form field-strength H gets lifted to the 4-form field-strength G, and the two E 8 super Yang-Mills gauge sectors of the E 8 × E 8 gauge group become geometrically separated on the two boundaries (see fig. 1 ). The warping causes the CalabiYau volume to decrease from visible to hidden boundary. Since the gauge couplings on the boundaries are inversely proportional to the Calabi-Yau volumes on those sites, it follows that the gauge theory on the hidden boundary is naturally strongly coupled when the visible boundary gauge theory is weakly coupled. Gaugino condensation will therefore occur naturally at high energies on the hidden boundary, and the perfect square potential turns into [68] (for technical reasons one is working on the S 1 covering space of the S 1 /Z 2 orbifold)
The hat onΓ (3) indicates that the 3-index gamma-matrix contains the vielbein of the warped metric, whereas δ L denotes a Dirac-delta 1-form which localizes the gaugino condensate on the hidden boundary.
Supersymmetry Breaking and Zero Vacuum Energy
As in the heterotic string compactifications, we remain also with a perfect square potential in heterotic M-theory compactifications, which once more suggests that the system will relax dynamically towards zero potential energy. To see whether we can avoid the quantum obstruction which we faced for heterotic string compactifications, we have to analyze the balancing equation between G and the condensate. In contrast to the heterotic string, we have now a warped background entering the perfect square in a non-trivial way. Let us first analyze the condensate. Here one finds, after a careful analysis carried out in [64] , that the condensate which is located on the hidden boundary at x 11 = L, acquires the following warp-factor dependence
Next, we have to take into account the quantization of the G flux. In M-theory this is given by the following quantization condition [69] 
The integration is performed over some arbitrary 4-cycle Σ 4 ∈ H 4 (X, Z) and the second term includes the first Pontryagin class p 1 (X) of X. The anticipated balancing of the G-flux with the condensate inside the perfect square tells us that G must have one index along the eleventh dimension and being proportional to Ω resp. its complex conjugate.
The appropriate cycle over which we have to integrate to obtain a non-trivial result thus has to factorize like Σ 4 = Σ 3 × S 1 , where Σ 3 is proportional to the Poincaré dual of Ω orΩ. Since this 4-cycle connects both boundaries, in principle, a further boundary contribution needs to be added to the above quantization condition [70] . However, with Σ 3 being proportional to the Poincaré dual of Ω orΩ, both this boundary contribution and the p 1 (X) term in the above G-flux quantization condition do not contribute [70] . We are thus left with the simple quantization rule
When we now apply this M-theory G-flux quantization to the balancing condition between G-flux and condensate at the minimum of the perfect square and integrate over the 4-cycle Σ 3 × S 1 , we obtain the heterotic M-theory balancing equation
Compared with the heterotic string balancing equation (5.6), the heterotic M-theory warped flux geometry led to the multiplication of the flux integer N by the cube of the warp-factor, being evaluated at the position of the hidden boundary. This has the following important consequences
• the quantum obstruction to the balancing of the condensate with the flux ceases to exist. The continuous warp-factor suppresses the quantized flux. Moreover, the size L of the S 1 /Z 2 orbifold adjusts itself dynamically such as to set the perfect square potential to zero and satisfy eq. (6.10).
• this dynamical balancing implies a stabilization of L close to L c , leading to e 3f (L) ≪
1. This is in nice agreement with phenomenological constraints which favor a stabilization around L c .
• supersymmetry is broken since, as in the heterotic string case, G becomes of Hodge type H (0,3) and H (3,0) along X.
To summarize, we find zero vacuum energy after the system has evolved to the zero of its potential energy and supersymmetry has been broken. This accomplishes the first step of our two-step approach proposed in the beginning. Let us now comment on the second step.
Dark Energy from Higher Order Corrections
The perfect square potential in heterotic M-theory compactifications included contributions at order κ , where M 11 is the eleven-dimensional Planck mass. There is, however, no theorem which would protect the perfect square structure up to higher orders (κ 2/3 11 ) n ∼ 1/M 3n 11 , n ≥ 3. These higher order contributions are suppressed by corresponding powers of the four-dimensional Planck mass in the effective four-dimensional theory and could thus generate a sufficiently small residual vacuum energy. One might therefore hope that perhaps a relation like eq. (2.3) might become derivable.
One should also add the known R 4 and their superpartner C ∧ R 4 corrections to the heterotic M-theory action. This leads to small corrections to the heterotic M-theory flux compactification geometry [71] . It is clear that this corrected background solution, being a supersymmetric solution to the field equations, must give itself a vanishing vacuum energy in the absence of supersymmetry breaking, as has been demonstrated in detail for the leading order warped background in [67] . So, it's again the task of the gaugino condensate and the induced G-flux to break supersymmetry and generate a non-zero vacuum energy. Since both the condensate and the G-flux reside on the hidden boundary, where the warp-factor is smallest, higher order corrections to the perfect square potential which contribute to the vacuum energy can be expected to come with strong suppressions by high powers of the small warp-factor e f (L) . Moreover, these higher order corrections are suppressed through additional powers of 1/M 11 . There has been recent progress in obtaining a heterotic M-theory action to all orders in κ 2/3
11 [72] - [74] . This action would allow a quantitative study of the vacuum energy incorporating these higher order corrections to the vacuum energy and is presently under investigation.
Summary
We can therefore conclude that
• dynamical supersymmetry breaking is possible in heterotic M-theory compactifications with zero vacuum energy at leading orders in κ 2/3 11
• higher-order corrections can be expected to give a small correction to the vanishing leading order vacuum energy and could thus account for the observed dark energy
• the quantum obstruction of the heterotic string to obtain zero vacuum energy after supersymmetry breaking is avoided in heterotic M-theory through a dependence on the continuous warp-factor which is not available in the heterotic string
• the S 1 /Z 2 size L, i.e. the dilaton in M-theory disguise, is stabilized close to the critical length L c , an important fact for phenomenological and cosmological applications [75] - [80] • complex structure moduli are stabilized by G-flux which is generated as a dynamic response to the hidden sector gaugino condensate at the minimum of the perfect square potential
Even though it was not our focus here, let us finally comment on dark matter in the same framework. Moduli stabilization of heterotic M-theory compactifications favor a broken hidden E 8 gauge group [77] . This implies hidden matter which can interact with the visible matter only via bulk (super)gravitational interactions and has therefore been considered as dark matter candidates [81] . A complete analysis of the viability of this class of dark matter candidates still needs to be done but, if successful, this type of dark matter would nicely complement the outlined picture for the possible M-theory origin of dark energy.
